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Abstract: Measuring the scattering of longitudinally-polarized vector bosons represents
a fundamental test of ElectroWeak Symmetry Breaking.
In addition to the challenges provided by low rates and large backgrounds, there are
conceptual issues which need to be claried for the denition of a suitable signal. Since
vector bosons are unstable and can only be observed through their decay products, the
polarization states interfere among themselves. Moreover, already at tree level, there are
diagrams which cannot be interpreted as production times decay of EW bosons but are
necessary for gauge invariance.
We discuss a possible way to dene a cross section for polarized W 's, dropping all
non resonant diagrams, and projecting on shell the resonant ones, thus preserving gauge
invariance. In most cases, the sum of polarized distributions reproduces the full results.
In the absence of cuts, the ratios of the polarized cross sections to the full one agree with
the results of a standard projection on Legendre polynomials. While the latter cannot
be employed in a realistic environment, a comparison of the data with the shapes of the
angular distributions for polarized vector bosons allows the extraction of the polarization
fractions in the presence of selection cuts on the charged leptons.
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1 Introduction
The discovery of a scalar particle [1, 2], whose properties are compatible with those of the
Higgs Boson [3, 4], represents an historic conrmation of the Standard Model description of
ElectroWeak Symmetry Breaking (EWSB). In the SM, vector bosons acquire mass through
their coupling to the Higgs eld. At the same time, the Higgs is essential in the scattering
of vector bosons (VBS), avoiding the divergence at high energy, in the longitudinally-
polarized sector, which would be triggered by their very masses. In the SM, the cross section
for VBS processes is very small because of cancellations among dierent contributions.
Processes related to new physics can disturb this delicate balance and lead to potentially
large enhancements of the VBS rate, making it the ideal process for searches of deviations
from the SM and hints of New Physics [5{24].
The experimental results on VBS obtained in Run 1 at the LHC have very low statistics.
In the near future, Run 2 will collect data with much better precision. Still, the eects
searched for are expected to be very small, therefore improvements of theoretical predictions






Understanding from a theoretical point of view how to separate the polarizations of the
W 's in VBS is a necessary prerequisite to any eort to perform the separation in the data.
In particular, it would be useful to isolate the longitudinal component where deviations
from the SM are larger and easier to reveal.
The basic tool has been known for a long time: each of the three on shell polarizations
results in a specic decay distribution of the charged leptons. Two obstructions, however,
hamper progress along this path:
 Since the W 's are unstable particles, the decays of the indidual polarizations interfere
among themselves, even in the limit of narrow width. These interference contribu-
tions cancel exactly only when an integration over the full azimuth of the lepton is
performed. Acceptance cuts, however, inhibit collecting data over the full angular
range. In addition, cuts aect dierently the three polarizations and modify the
angular distributions. Notice that the eects discussed here are present in every W
production channel, not only in VBS.
 With few exceptions, ElectroWeak boson production processses are described by am-
plitudes including non resonant diagrams, which cannot be interpreted as production
times decay of any vector boson, as shown in gure 1c for the VBS case. These
diagrams are essential for gauge invariance and cannot be ignored. For them, sepa-
rating polarizations is simply unfeasible. Furthermore, as it will be shown later, their
contribution is, in general, not negligible.
The polarization fractions in the SM for W + jets processes, without cuts on the
charged leptons, have been discussed in ref. [25]. The eects of selection cuts have been
studied in ref. [26] for W + jets and a number of other W production mechanisms. The
analysis in ref. [26] showed how the decay distributions of the charged leptons get distorted
by the presence of cuts and how the simple methods that allow to measure the polarization
components when no cut on the charged leptons is imposed, fail when cuts are introduced.
The interplay between interference among W polarizations and selection cuts has been also
examined in ref. [27].
A number of measurements of the polarization fractions of the W have been performed
at the LHC, both by CMS [28] and ATLAS [29], in the W + jets channel. Both collabo-
rations have also studied the polarization of the W 's [30, 31] in top-antitop events.
It should be mentioned that the charged lepton decay angles cannot be measured
exactly because of the diculties in reconstructing the center of mass frame of the W .
Therefore, in practice, other, directly observable, quantities are studies as proxies. Exam-
ples are LP [28], cos 2D [29] and RpT [32], which is mostly useful for the W
+W+ channel.
In this paper, we discuss under which conditions it is possible to dene VBS cross
sections for polarized W 's, and study their basic properties at the LHC. We also show
how to overcome the diculties related to the presence of acceptance cuts for the charged
leptons. We believe these preliminary steps to be essential for this kind of measurement.
We are far from being fully realistic. Nonetheless, our results pave the way to future






















(c) Non resonant diagrams.
Figure 1. Representative diagrams for WW scattering.
in VBS when both vector bosons decay leptonically. We also consider only the case in
which the two leptons are an e + pair, which avoids the small complication of the Z
contribution which appears when the two leptons belong to the same family. A cut on the
mass of the two leptons would suce to completely eliminate this channel.
While the leptonic decay of the W 's leads to a cleaner environment, the presence of
two neutrinos makes the estimate of the invariant mass of the boson boson system more
involved. Some of these diculties might be alleviated studying the semileptonic channel
instead of the fully leptonic one. However, in the semileptonic case the QCD background
is larger and it is dicult to separate WW from WZ production. In addition, one of the
two vector bosons needs to be identied from its hadronic decay.
The present study could be easily extended to include NLO QCD corrections [33, 34]
since they do not modify the W decay. EW corrections, which have been recently cal-
culated [35] for same sign W 's, potentially mix the production and decay part of the
amplitudes and will require an additional eort.
We are condent that if separation between the dierent polarizations can be achieved
in Monte Carlo simulations it will also be within reach of the experiments, given sucient
luminosity.
The structure of the paper is the following: in the next section we recall how the po-
larizations of the W 's enter the amplitudes when the decay is taken into account exactly
and how interferences between polarizations arise. Next, we present the approximations
which we propose in order to separate the dierent polarizations and show how they re-
produce the full result in the absence of cuts on the leptons. In particular we discuss
how the full dierential distributions are reproduced, in most cases, by the sum of singly
polarized distributions with the exception of those variables, like the charged lepton trans-
verse momentum, which constrain the available angular range for the decay. In section 7






interference contributions and modify the simple form of the decay angular distribution.
Finally, in section 8 we show that the shapes of the angular decay distributions are su-
ciently universal to allow an almost model independent measurement of the polarization
fractions. We extract the polarization components in the Higgsless model and in one in-
stance of a Singlet extension of the SM, tting the full distribution with a sum of singly
polarized SM shapes.
2 W boson polarization and angular distribution of its decay products
As already mentioned, a vector boson production tree level reaction, in general, receives
contribution from dierent classes of diagrams, both resonant and non resonant. If we con-
centrate on hadronic processes at O(2EMnS), involving a single intermediate W+ which
decays leptonically, each diagram includes one ElectroWeak propagator of timelike momen-
tum. The amplitude can be written, in the Unitary Gauge, as
M =M i









 l(1  5) l

; (2.1)
where M and   are the W mass and width, respectively.
The polarization tensor can be expressed in terms of four polarization vectors [36]








 (k) : (2.2)
In a frame in which the o shell W boson propagates along the z-axis, with momentum












(0; 1; i; 0) (right) ; (2.3)







(E; 0; 0; ) (auxiliary) :
The longitudinal and transverse polarizations obey the standard constraints "i  k = 0,
"i  "j =  i;j , i; j = 0; L;R. The auxiliary polarization "A satises "A  "i = 0, i = 0; L;R,
"A  "A = (Q2  M2)=M2, "A  k =
p
(Q2  M2)Q2=M2.
On shell, the auxiliary polarization is zero and the longitudinal polarization reduces
to the usual expression: "0 = (; 0; 0; E)=MW . The most general case, in which the W
propagates along a generic direction, can easily be obtained by a rotation.
The decay amplitudes of the W ,












depend on its polarization. In the rest frame of the ` pair, they are:
MD0 = ig
p
2E sin  ; (2.5)
MDR=L = ig E (1 cos )ei ; (2.6)
where (; ) are the charged lepton polar and azimuthal angles, respectively, relative to the
boson direction in the laboratory frame. The decay amplitude for the auxiliary polarization
is zero, for massless leptons, because "A is proportional to the four-momentum of the virtual
boson. Hence, each physical polarization is uniquely associated with a specic angular
distribution of the charged lepton, even when the W boson is o mass shell.
Dening a polarized production amplitude,
MP =M" ; (2.7)











whereMF is the full amplitude with a single polarization for the intermediate W . Notice
that in each MF all correlations between production and decay are exact.














The interference terms in eq. (2.9) are not, in general, zero. They cancel only when the
squared amplitude is integrated over the full range of the angle , or, equivalently, when
the charged lepton can be observed for any value of . This remains true in the Narrow
Width Approximation in which 1=((k2 M2)2+ 2wM2) is replaced by  (k2 M2)=( M).
With this substitution, the integration over the invariant mass of the intermediate state
becomes trivial, but the angular integration is unaected.
If we denote by d(; ;X)=dLips the fully dierential cross section, where ;  are
the W decay variables in the boson rest frame and X stands for all additional phase space
variables, by d(;X)=d cos =dX its integral over ,
d(;X)














d cos  dX
; (2.11)









(1 cos )2 fL(X) + 3
8
(1 cos )2 fR(X) + 3
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where the upper sign is for W+ and the lower sign for W . In general the fi depend on








d cos  dX
= fL + f0 + fR = 1 (2.13)
and fL; f0 and fR represent the left, longitudinal and right polarization fractions, respec-
tively. The steps which lead to eq. (2.12) can be repeated even when a partial or complete
integration over the X variables is performed.
If eq. (2.12) holds, the polarized components can be extracted from the dierential


















Pl(cos ) : (2.14)
This procedure is completely equivalent to the method used in refs. [25, 26] based on the
calculation of the rst few moments of the angular distribution.












(0  1 + 2) ; (2.15)
where the upper/lower sign refers to the W+/W . We note that the sum f0+fR+fL = 20
is bound to be one.
A word of caution is necessary when acceptance cuts are imposed on the charged
leptons, as is unavoidable in practice. While the cancellation of the interference terms in
eq. (2.9) is a necessary condition for the validity of eq. (2.12), this is by no means sucient.
A generic cut, think of the lepton transverse momentum, will depend on both the angular
variables and the variables X. Integrating over X, in the presence of cuts, results in a
dierent theta dependence. As a consequence, the measured lepton decay distribution is
not described any more by the simple formula eq. (2.12) and the polarization fractions
cannot be computed as in eq. (2.15).
In order to separate the polarized components in the data, it is necessary to compute




0 ! "" : (2.16)
in the W propagator. For the present analysis, this possibility has been introduced in
PHANTOM [37].
3 Separating the resonant contribution: on shell projection
After our discussion of W boson polarization in processes with a single W , we now turn to






pairs, e  e and +, are produced. For the set of diagrams in which each leptonic line
is connected to a single intermediate W , as in gures 1a, 1b, which we will call doubly
resonant or just resonant for short, one can proceed as in the previous section. However,
there are many diagrams, like the one shown in gure 1c, which cannot be expanded in
a similar fashion. The only way to proceed, in order to dene amplitudes with denite
W polarization, is to devise an approximation to the full result that only involves doubly
resonant diagrams.
There are, obviously, several conceivable approximations. The simplest one is simply
to drop all non resonant diagrams, possibly restricting the mass of the lepton pair in the
decay to lie close to the W mass. Since this procedure clearly violates gauge invariance, one
expects it would produce distinctly wrong cross sections, at least in particular regions of
phase space. For this reason we have chosen an On Shell Projection (OSP) method, which
is more commonly known as the pole scheme or pole approximation in the literature.
For instance, it has been employed for the calculation of EW radiative corrections to
W+W  production in refs. [38{42]. This can be realized as a completely gauge invariant
approximation.
The procedure can be summarized as follows:
M =Mres +Mnonres =P
1;2
MP(k1; k2; X)"1(k1)"2(k2)"1 (k1)"

2
(k2)MD (k1; X1)MD (k2; X2)





MP(k1; k2; X)"1(k1)"2(k2)"1 (k1)"

2
(k2)MD (k1; X1)MD (k2; X2)




MP1;2(k1; k2; X)MD1(k1; X1)MD2(k2; X2)
(k21  M2W + i WMW )(k22  M2W + i WMW )
=MOSP ; (3.1)
where ki is the on mass shell projection of ki. Here Xi; i = 1; 2 stand for the lepton
momenta, while X refer to the initial and nal quark momenta. Xi refer to the lepton
momenta after the projection, when the momentum of each ` pair in the calculation of
Mres is on the W mass shell momentum. Mnonres, which includes all singly resonant
and non resonant diagrams, is dropped. The denominator in each W propagator is left
untouched.
The projected production and decay amplitudes,
MP1;2(k1; k2; X) =MP(k1; k2; X) "1(k1) "2(k2) ; (3.2)
MD1(k1; X1) = "1 (k1)MD (k1; X1) (3.3)
are ordinary, complete amplitudes with polarized, on shell, external W bosons. Therefore,
the nal expression is gauge invariant provided MP and MD are both invariant.
However, this projection is not uniquely dened. As the momentum of a vector boson
is sent to mass shell at least the momenta of its two decay products need to be adjusted.
One can keep xed the direction of particle one or of particle two in the overall center of






These three procedures lead to dierent momenta of the decay products and therefore to
dierent matrix elements.
In order to have an unambiguous prescription we have chosen to conserve:
1. the total four-momentum of the WW system (thus, also MWW is conserved);
2. the direction of the two W bosons in the WW center of mass frame;
3. the angles of each charged lepton, in the corresponding W center of mass frame,
relative to the boson direction in the lab.
Since the original W momenta are typically only slightly o shell, the modication of
the kinematics is expected, in most cases, to be minimal. The modied momenta aect
only the calculation of the weight of the event. In the LHA event le [43] all particles
are assigned the original, unprojected momenta. This procedure can only be applied for
M2`2 > 2MW . In the following we will refer to the total invariant mass of the four leptons
as MWW , for simplicity.
The OSP requires a further adjustment in the computation of the projected amplitudes.
In the full calculation, the presence of unstable, intermediate, timelike W and Z bosons,
forces the introduction of an imaginary part, typically  i M in tree level processes, into
their propagators. This corresponds to the partial resummation of a particular class of
higher order contributions, eectively mixing dierent perturbative orders, and has the
collateral eect of complicating the issue of gauge invariance [44{46].
When massive vector bosons appear only as virtual states, a simple and eective way
of preserving gauge invariance is the Complex Mass Scheme (CMSc) [40, 47]. In the CMSc,
all occurrences of the vector boson mass M are replaced by
p
M2   i M . This includes the
cosine of the Weinberg mixing angle and all quantities which are dened in terms of cos W .
The CMSc, however, is not gauge invariant for amplitudes with external Weak gauge
bosons, which are implicitely regarded as stable. The simplest process which exemplies
these issues is e+e ! W+. If the polarization vector of the photon is substituted by
its momentum, the amplitude should become zero, because of the electromagnetic Ward
identity. It is easily veried that this happens only if  W = 0. In the end, gauge invariance
forces all widths of intermediate vector bosons in the OSP amplitudes to be set to zero.
As a consequence all weak bosons whose momentum can get on their mass shell must be
projected on shell simultaneously.
In appendix A we discuss, in a more quantitative and detailed way, the pitfalls of the
non fully gauge invariant approximations mentioned in this section. In the appendix we
focus on the high transverse momentum, high mass region where gauge violating eects
are expected to be magnied, particularly when longitudinally polarized vector bosons
are involved.
All results, in the following, which are labeled as full have been obtained in the CMSc.
All OSP results have been obtained projecting on mass shell all resonant vector bosons,






4 Setup of the simulations
We have studied pp ! jje e+ at parton level. All events have been generated with
PHANTOM [37], using the NNPDF30 lo as 0130 PDF set [48] with scale Q = MWW =
p
2.
We consider only ElectroWeak processes at O(6EM). We neglect O(4EM2S) processes and
exclude the top-antitop background assuming perfect b quark veto.
All results shown in this paper refer to the LHC@13TeV and have been obtained with
the following set of standard cuts for the hadronic part:
 maximum jet pseudorapidity, jj j < 5;
 minimum jet transverse momentum, pjt > 20 GeV;
 minimum jet-jet invariant mass, Mjj > 600 GeV;
 minimum jet-jet pseudorapidity separation, jjj j > 3:6;
 opposite sign jet pseudorapidities, j1  j2 < 0.
The OSP requires the mass of the four lepton system to be larger than twice the mass
of the W , thus, only events with MWW > 300 GeV have been retained. Since we are mainly
interested in VBS at large invariant masses, this is not a limitation.
5 Validating the approximation in the absence of cuts on the charged
leptons
In this section we compare the dierential distributions of a number of kinematic variables
obtained from the full matrix element with the incoherent sum of three OSP distributions
in which the negatively charged intermediate W boson is polarized while the positively
charged one remains unpolarized. Only doubly resonant diagrams are included for polarized
processes. No lepton cut is applied and, as a consequence, the cross section from the
incoherent sum of polarized cross sections coincides with the cross section obtained from
the coherent sum.
Our aim is:
 to demonstrate that the W polarization fractions obtained with the OSP are in
agreement with those obtained from a standard expansion in Legendre polynomials.
 to show that the OSP reproduces well the full cross section and distributions.
 to explore the dierences between the individual polarized distributions as a tool to
separate them in the data.
The full cross section is 1.748(1) fb while the incoherent sum of singly polarized cross
sections is 1.731(1) fb, which diers from the full result by about 1%.
In gures 2, 3 the black curves refers to the full dierential cross sections and the violet




































sum of polarized (Legendre)
sum of polarized OSP 2 res.)
 > 300 GeV
ww
 (pb), Me-θ / dcosσd
(a) cos e
 (GeV)wwM
























wwPolarization fractions as functions of M
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Figure 2. Distribution of electron cos  in the W  reference frame (left), polarization fractions
as functions of MWW (right). The polarization components obtained by expanding the full angu-
lar distribution on Legendre polynomials are shown in lighter colors. The darker histograms are
obtained integrating the polarized amplitudes squared. The positively charged W is unpolarized.
(longitudinal), blue (left) and green (right). We have also computed the coherent sum of
the three polarized contributions, which is, in all cases, almost indistinguishable from the
full result and, therefore, is not shown.
In gure 2, on the left, we show the distribution of the decay angle of the electron in
the reference frame of the e e pair integrated over the full range MWW > 300 GeV. On
the right we present the polarization fractions as a function of the invariant mass of the
four leptons, which provides additional information since the distributions in gure 2a are
dominated by events with relatively small MWW .
The polarization components obtained by expanding the full angular distribution on
Legendre polynomials, as discussed in section 2, are shown as lighter shade smooth lines in
gure 2a and show that the distributions from the polarized generations, in the absence of
cuts on the charged leptons, have the expected functional form, and that the polarization
fractions extracted from the full results are in excellent agreement with those obtained
from the polarized distributions.
Figure 2b presents the polarization fractions of the W  as a function of MWW . The
darker lines show the ratio of the individual polarized cross sections to the full result in
each MWW bin; the lighter lines are obtained from a bin by bin expansion on Legendre
polynomials of the full result. The two methods agree over the full range. This conrms
that the OSP provides reliable results and opens the way to test it in the presence of cuts,
where the Legendre expansion is known to fail.
Figure 2b shows that, in the SM, W 's produced in VBS are mainly left handed. The
fraction of left polarized W 's increases with increasing MWW . The fraction of longitudinal
and right handed W 's are roughly the same at large invariant masses. The longitudinal
fraction is almost constant at about 20%. The right handed component decreases slightly
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Figure 3. Dierential cross sections for pp!jje e+ at the LHC@13 TeV. Comparison between
unpolarized generations based on the full amplitude and the incoherent sum of the polarized gener-






The colors in gure 3 are as in gure 2: black refers to the full result, violet to the
incoherent sum of polarized distributions, red to the longitudinal polarization, blue and
green to the left and right polarization, respectively.
The incoherent sum of three OSP distributions agrees very well with the full result for
the WW invariant mass, gure 3a, the mass of the two tag jets, gure 3b, the transverse
momentum of the e e pair, gure 3c, the rapidity of the e e pair, gure 3d and the mass
of the e pair, gure 3e.
The agreement is less satisfactory for the transverse momentum of the electron,
gure 3f. Since, as already mentioned, the coherent sum of the three contributions agrees
with the full result, the discrepancy between the black and the violet lines in gure 3f is due
to the interference among the dierent polarizations. The interference is non zero because
forcing the lepton pt to a single bin restricts the angular range of the leptons, spoiling the
complete cancellation of the interferences among polarizations.
The distribution, shown in gure 3g, of the azimuthal angle of the electron, e, which
is dened following ref. [25], stands apart. Each of the three singly polarized contributions
is isotropic, since the azimuthal angle enters the decay amplitudes only as a phase. The
coherent combination of the three amplitudes produces a non trivial modulation of the
dierential cross section. The incoherent sum of the polarized results reproduces well only
the average value of the full distribution.
The singly polarized distributions of the transverse momentum of the W , of its pseudo-
rapidity, of the transverse momentum of the negatively charged lepton and of the invariant
mass of the two charged leptons depend signicantly on the polarization of the W .
Figure 3c shows that longitudinally polarized W 's have a markedly softer pt spectrum
in comparison with transversely polarized ones. In fact they dominate for pWt < 50 GeV.
Figure 3d shows that, while transversely polarized W 's are predominantly produced at






t and Mll distributions are harder for left polarized W
 's than for longitudinal
polarized ones. The right handed W 's have the softest spectrum. This behaviour is clearly
related to the distribution of decay angles for the three polarizations: the negatively charged
leptons from left polarized bosons tend to be produced along the direction of ight of the W ,
while those originating from right polarized W 's tend to emerge in the opposite direction.
The leptons from longitudinally polarized W 's fall in between the two other cases.
6 Joint polarization fractions for the two W 's
The projection described in eqs. (2.14){(2.15) can be readily generalized to a simultane-
ous expansion in products of Legendre polynomials of the two variables cos e and cos .
Similarly, the substitution in eq. (2.16) can be performed for each of the two nal state
W 's. The outcome is shown in gure 4. For ease of presentation, the right and left handed
contributions are summed together in the transverse component WT = WR +WL.
The polarization components obtained by expanding, in each bin, the full angular
































Joint polarization fractions as functions of M
Figure 4. Double polarization fractions as functions of MWW . The right and left handed con-
tributions are summed together in the transverse component WT = WR + WL. The polarization
components obtained by expanding, in each bin, the full angular distribution on Legendre poly-
nomials are shown in lighter colors. The darker histograms are obtained integrating the polarized
amplitudes squared.
are obtained integrating the amplitudes squared with denite polarization for each W .
The two independent determinations of the joint polarization fractions agree extremely
well over the full range in MWW . This implies that the method we propose can be relied
on for analyzing double polarized cross sections.
Figure 4 shows that the W+T W
 
T fraction is always the largest one and dominates





T components are essentially equal and almost constant at about 18%. The
longitudinal-longitudinal fraction is the smallest one, of the order of a few percent. This im-
plies that measuring the scattering with two longitudinally polarized W 's in the nal state,
will require determining the polarization of both vector bosons, since a longitudinal W is ex-
pected in most cases to be produced in association with a transversely polarized companion.
7 Leptonic cuts and their eects
In this section we document how the distributions presented in section 5 are modied by
the introduction of realistic acceptance cuts on the electron which is the decay product
of the W , whose polarization we wish to determine. Our results conrm that the po-
larization fractions of the W cannot be determined anymore by a projection on the rst
three Legendre polynomials. We show that, in the presence of standard leptonic cuts, the
interference among the polarized amplitudes is small. Therefore, the incoherent sum of the
three OSP results approximates fairly well, in most cases, the full distribution.
We require:
pet > 20 GeV; jej < 2:5: (7.1)
The full cross section is 1.411(1) fb, the coherent sum of OSP polarized amplitudes
gives 1.401(1) fb, while the incoherent sum of singly polarized cross sections is 1.382(1) fb,
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(b) Polarization fractions
Figure 5. On the left, distributions of cos e in the W
  center of mass frame; on the right, the
polarization fractions as functions of MWW . p
e
t > 20 GeV, jej < 2:5.
In Figure 5 and gure 6 we show the same set of results presented section 5. A number
of features are worth noticing. The cross section from the coherent sum of polarized
amplitudes is very close to the incoherent sum of cross sections, which indicates that the
interference among polarizations is generally small. The rigorous cross section is well
reproduced by both approximations.
In gure 5, on the left, we show the distribution of the decay angle of the electron in
the reference frame of the e e pair. On the right we present the polarization fractions as
a function of the invariant mass of the four leptons.
The full angular distribution is approximated within a few percent, over the full range,
by the sum of the unpolarized results. The full result, shown by the black histogram,
however, is not of the form of eq. (2.12) and cannot be described in terms of the three rst
Legendre polynomials. This becomes clear expanding the full result as in eqs. (2.14){(2.15),
which yields the blue, green and orange smooth curves in gure 5. Their sum is the smooth
gray curve which fails to describe the correct distribution. As already noticed in ref. [26],
when acceptance cuts are imposed, the polarization fractions cannot be reliably extracted
from the angular distribution of charged leptons by comparing it to the functional form
expected when no cuts are set.
The polarization fractions in gure 5b are computed as the ratio of the individual
polarized cross sections to the full result in each MWW bin. An expansion on Legendre
polynomials would be meaningless.
The most prominent feature in comparison with the curves on the left hand side of
gure 2 is the depletion at cos e = -1 in the angular distribution. The right handed
component is the one most aected, with the resulting shape substantially dierent from
the (1  cos )2 behaviour displayed in the absence of cuts. The bulk of the eect is again
related to the preferred direction of emission of the charged leptons from right handed
W 's, which tend to produce leptons with smaller transverse momentum.
There are, however, subtler eects into play, as can be seen from the polarization
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Figure 6. Dierential cross sections: comparison between unpolarized and sum of the polarized






decreases faster than the right handed one for increasing MWW . The two curves, which
are very close at MWW < 400 GeV, separate at large invariant masses, in contrast with the
trend they display in gure 2b. This is due to the dierent distribution in W rapidity of the
two polarized cross sections. With increasing MWW the average absolute value of the W
rapidity with longitudinal polarization increases and a larger number of the corresponding
leptons fail the rapidity acceptance cut.
Even in the presence of leptonic cuts, the fraction of longitudinally polarized W 's is
well above 10%.
The incoherent sum of three OSP distributions agrees well with the full result for the
WW invariant mass, gure 6a, the mass of the two tag jets, gure 6b, the transverse
momentum of the e e pair, gure 6c, the rapidity of the e e pair, gure 6d and the mass
of the e pair, gure 6e.
As before, the transverse momentum of the electron, gure 6f, is aected by interfer-
ences, but the eect is not particularly enhanced by the presence of cuts.
The distribution of the azimuthal angle of the electron in gure 6g displays again
peculiar features. Each of the three singly polarized contributions develops a dip at e = 0
and e = . The incoherent combination of the three amplitudes follows more closely
the full result than when no cuts are applied but does not reproduce the correct curve.
The individual polarizations are not aected equally by the cuts. Typically, the cross
section for right handed W 's is reduced the most, followed by the cross section for longi-
tudinally polarized W 's. Left handed W bosons seem to be the least sensitive to accep-
tance cuts.
8 Determining the polarization fractions
The fact that the full distribution is well described by the incoherent sum of the polarized
dierential distributions allows the determination of the polarization fractions within a
single model, even in the presence of cuts on the charged leptons. The measured angular
distribution can be tted to a linear combination of the normalized shapes obtained from
Monte Carlo simulations of VBS events with nal state W 's of denite polarization. We
have veried that this procedure works well in the SM for one polarized vector boson. The
results shown in section 6 suggest that it should be straightforward to extend the method
to double polarized events.
However, it would be inconvenient to have to generate templates for all extensions of
the SM, being unknown which specic model is realized in nature, should the SM need
extending. A natural question is whether this method can provide a model independent,
practical way of extracting the polarization fractions from the data, comparable with the
Legendre expansion, which is applicable when the W decay is unrestricted by cuts. The
essential condition for this approach, is that the shapes of the polarized distributions are
suciently universal. On one hand, once a polarized W transverse momentum and rapidity
are xed, its decay is completely specied. Therefore, in any suciently small bin in phase
space, the angular distribution of the charged lepton will be the same, irrespective of the
































sum of polarized (OSP res.)
 > 300 GeV
ww
 (pb), Me-θ / dcosσd
(a) cos e
 (GeV)wwM





















wwPolarization fractions as functions of M
(b) Polarization fractions
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Figure 8. MWW distribution in the Higgsless model compared with the SM results. p
e
t > 20 GeV,
jej < 2:5.
momentum and rapidity of the W . Dierent models yield dierent distributions of these
quantities. Hence, for nite size bins, the details of the averaging over phase space will
vary, and some degree of model dependence is to be expected.
In this section we pursue this possibility comparing the distributions produced in the
SM with those obtained in dierent models.
To this purpose, we have studied the Higgsless model obtained from the SM by sending
the Higgs mass to innity. Such model, while not experimentally viable any more, can be
viewed as the most extreme modication of the SM in the VBS domain, in which the
unitarity violating growth of the scattering of longitudinally polarized vector bosons is
completely unmitigated by Higgs exchange.
In gures 7, 8 we present some results for the Higgsless model. In gure 7, on the left,
we show the distribution of the decay angle of the electron in the reference frame of the
e e pair. On the right we present the polarization fractions as a function of the invariant






Comparing gure 7a with gure 5a, it is immediately evident that the two angular
distributions of the charged lepton, in the center of mass of the W , for MWW > 300 GeV,
are markedly dierent. The region around cos  = 0 is clearly more populated in the
Higgsless model as a consequence of a larger fraction of longitudinally polarized bosons.
This is conrmed by the comparison betwen polarization fractions on the right hand side of
the two gures. In gure 7b the growth of the longitudinal component is quite prominent.
Notice, however, that, even in this extreme model, the left handed fraction is the largest
one for all WW invariant masses up to about 1800 GeV.
In gure 8 we compare the dierential cross sections as functions of MWW for the Hig-
gsless model (lighter curves) with the corresponding SM results (darker curves). The full,
unpolarized distribution is shown in black/gray. The curves for polarized W  are given
in blue, green and red for the left, right and longitudinal polarization, respectively. The
unpolarized cross section for the Higgsless model shows the expected enhancement at large
invariant mass with respect to the SM. The comparison of the polarized distributions pro-
vides additional information. The dierential cross sections for a left or right polarized W 
are identical in the SM and in the Higgsless model. The dierence between the full SM result
and the Higgsless one is fully accounted for by the dierence in the longitudinal component.
The results discussed in the previous sections show that the dierential cross section
with a denite W  polarization can be interpreted, up to corrections of a few percent, as the
sum of three dierential cross sections in which the positively charged W assumes the three
possible polarizations. Since the results for a left and right polarized W  indicate that the
absence of the Higgs does not increase the cross section for a transversely polarized W  and
a longitudinally polarized W+, the large dierence in the cross section for a longitudinally
polarized W  must be attributed to the component in which both W 's are longitudinal.
We have also examined a Z2-symmetric Singlet extension of the SM with an additional
heavy scalar [49{63]. In this model the couplings of the two Higgses to SM particles are
proportional to the SM couplings of the Higgs, multiplied by universal factors:
gxxs = g
SM
xxh(1 + xs) with 1 + xs =
(
cos s = h




xxhh(1 + xs1)(1 + xs2); (8.2)
where xx represents a pair of SM fermions or vectors, and  is the mixing angle. As a
consequence, since only small values of sin are allowed [64{66], the width of the heavy
Higgs is much smalller than the width of a SM Higgs of the same mass. We have taken
sin = 0:2, mH = 600 GeV and tan  = 0:3, where tan  is the ratio of the vacuum
expectation values of the two neutral scalar elds, which yields  H = 6:45 GeV.
With the exception of the mass window in the vicinity of the heavy Higgs resonance
all results for the Singlet model follow closely those of the SM.
We have checked that, for each W polarization, the shape of charged lepton angular
distributions, 1=  d=d cos , in both the singlet and the noHiggs models, are in rea-
sonable agreement with the corresponding SM shape in all 100 GeV intervals in the WW
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Figure 9. Shape comparison between SM and Higgsless generation. pet > 20 GeV, jej < 2:5. The
longitudinal and right handed components have been multiplied by three and two, respectively.
ed the agreement between the sum of singly polarized distributions and the full result in
both cases.
The results are shown in gure 9 for the Higgsless model, and in gure 10 for the
Singlet one. In both gures the black histogram shows the result of the full calculation. The
lighter red, green and blue curves are the singly polarized distributions in the Higgsless and
Singlet models. The darker red, green and blue curves show the results for the longitudinal,
right and left handed polarizations, respectively, of the t of the full results using the SM
templates. The longitudinal and right handed components have been multiplied by three
and two, respectively, to improve the overall readability of the plots.
Figure 9a and gure 10a show that, when a large range of invariant masses is taken
into account, the shapes of the polarized components are indeed very similar in the three
models. This is not surprising since the distributions are dominated by low invariant mass
events, for which the dierences between the various models are expected to be small.
Figure 9b, gure 9c and gure 10b show that, when restricting the comparison to large
invariant masses, the shapes of the left and right handed components remain quite similar


























Mean   0.1648
Std Dev    0.5422
 x 3 
 x 2 
 > 300 GeV
ww
 distributions, Me-θSM fit of cos
(a) Shapes MWW > 300GeV.
e-
θcos





















Mean   0.1286
Std Dev    0.5228 x 3 
 x 2 
< 620 GeV
ww
 distributions, 580 GeV < Me-θSM fit of cos
(b) Shapes 580GeV < MWW < 620GeV.
Figure 10. Shape comparison between SM and Singlet generation. Lines as in gure 9.
pet > 20 GeV, jej < 2:5. The longitudinal and right handed components have been multiplied
by three and two, respectively.
and Singlet model appears slightly shifted to large values of cos  in comparison with the
SM distribution. The eect seems to increase for increasing MWW , in fact, it is more
pronounced in gure 9b, which contains events of higher average mass, than in gure 9c.
Despite these dierences, the t of both models using SM templates is quite good. We
have tted the full result for each model, by means of a 2 minimization, with a linear
combination of four normalized functions extracted from the SM distributions: the shapes
for the longitudinal, right and left handed components together with the shape of the SM
interference. The latter is dened as the normalized dierence between the unpolarized,
full distribution and the sum of the three singly polarized ones.
In table 1, we show a selection of results. The rows labeled SM, no Higgs and Singlet
show the percent ratio of the singly polarized cross sections to the full, unpolarized cross
section for each model. The rows labeled Fit give the coecients, in percent, of the
four SM shapes obtained from the t of the angular distribution of the electron in the
corresponding model.
When the t is extended to the full range of invariant masses, MWW > 300 GeV, the
polarization fractions returned by the t reproduce the results obtained from the ratio of
the OSP polarized cross sections to the full one.
For the Higgsless model, we have investigated the agreement between these two deter-
minations of the polarization fractions in each 100 GeV interval in the WW invariant mass.
The accord is quite good in each bin, even though the normalizations become progressively
dierent as the invariant mass grows.
The MWW > 1000 GeV range, where the longitudinal polarization fractions in the
Higgsless model is more than twice the SM one, gives the poorest agreement. However,
the discrepancy between the polarization fractions from the t and those from the ratio of
cross sections is of the order of 10% at most.
The tted polarization fractions for the Singlet model in the heavy Higgs peak region,
580 GeV < MWW < 620 GeV, are in very good agreement with those estimated from the






Long. L R Int.
MWW > 300 GeV
SM 21 52 25 2
no Higgs 27 48 23 2
Fit no Higgs 26 48 23 2
Singlet 23 51 24 2
Fit Singlet 23 51 24 2
MWW > 1000 GeV
SM 15 58 22 4
no Higgs 35 45 17 3
Fit no Higgs 35 47 15 2
580 GeV < MWW < 620 GeV
SM 19 53 25 3
Singlet 42 38 18 2
Fit Singlet 42 40 17 2
Table 1. The rows labeled SM, no Higgs and Singlet show the percent ratio of the polarized cross
sections to the full result. The rows labeled Fit give the coecients, in percent, extracted from a
2 t of a linear combination of the SM shapes for the longitudinal, left, right handed components
and the interference to the full unpolarized angular distribution in the corresponding model.
The results presented in this section suggest that it is possible to extract the polar-
ization fractions of the W in an almost model-independent way, exploiting the similarity
of the shapes of polarized cos e distributions for dierent underlying theories, in most
kinematic regions.
The angular distributions we have discussed, are dicult to measure, particularly
when both W 's decay leptonically. However, the same approach can be applied to other
kinematic variables whose distributions discriminate among the dierent polarizations, as
for instance the invariant mass of the charged lepton pair and the transverse momentum of
the charged lepton, as shown in gure 6. In order to enhance the accuracy of the obtained
results, more rened multivariate t methods could be investigated.
9 Conclusions
In this paper we have investigated the possibility of dening cross sections for processes
with polarized W bosons, including o shell and non resonant eects.
We have proposed a method which is based on the observation that the set of doubly
resonant diagrams, suitably projected on shell to preserve gauge invariance, approximates
well the full result and allows an expansion in terms of amplitudes in which each nal state
W has a denite polarization. This procedure agrees with the standard approach based on
Legendre polynomials in the absence of cuts on the decay leptons. When acceptance cuts
are imposed on the leptons, and the Legendre polynomials procedure fails, it is possible to
extract the polarization fractions using singly polarized SM Monte Carlo templates. These
same templates can be used to measure the polarization of the W with reasonable accuracy
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A Numerical eects of dierent approximations in the large mass,
large transverse momentum region
In this appendix we exemplify how dierent, gauge invariance violating approximations in
the calculation of amplitudes may produce unreliable results in the large energy regime.
We study two instances. The rst one is the naive way to isolate the resonant contri-
bution to W+W  production in VBF, by simply dropping all other diagrams and requiring
the invariant mass of each ` pair to be close to the W mass. In the second one, we ex-
amine quantitatively the relevance of non null vector boson widths in the OSP projected
amplitudes. All the results in this appendix refer to the Standard Model.
A.1 Resonant contributions and gauge cancellations
The rst approximation is based on the intuitive notion that the closer the invariant mass
of the lepton-neutrino system to the mass of the W boson, the more dominant the resonant
diagrams are.1 Therefore, it is reasonable to expect that by restricting the invariant mass
of each ` pair around MW , the non resonant diagrams can be neglected.
In order to have a reference point for the size of possible eects, we have computed
separately, without any constraint on the invariant masses of the lepton-neutrino pairs, the
contribution of the doubly resonant diagrams and of the complementary set of diagrams,
that is, those which are singly resonant or non resonant, which we will refer to as non
resonant for simplicity.
Then, we have restricted the mass of electron neutrino pair to a neighborhood of the
W mass. Specically, we have required jM`  MW j < 30 GeV as a compromise between
minimizing the non resonant contribution and constraining too much a variable which
cannot be measured precisely at hadron-hadron colliders. We have also tried narrower
intervals, nding similar results.
In the upper row of gure 11 we present the dierential distribution of the four lepton
mass (left) and of the transverse momentum of the `  pair (right). The result obtained
from the full calculation, without any restriction on the lepton-neutrino system is shown
in black. We compare it with the full results obtained restricting the mass of each ` pair
to jM`  MW j < 30 GeV (light blue). Clearly, the two distributions agree quite well over
the full range in MWW and p
W 
t , showing that, as expected, in most of the events, the
mass of the ` system is close to MW . In the same plots we also show the results, obtained
over the full leptonic phase space, taking into account only the doubly resonant diagrams
(blue-violet) and those obtained taking into account only the non resonant ones (yellow).
Finally, the distribution obtained from the doubly resonant diagrams with the additional
constraint jM`  MW j < 30 GeV is given in red.
1This contribution can be computed in MadGraph5 generating the process:
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Figure 11. Dierential cross sections as a function of MWW and p
W 
t under dierent assumptions.
In black the full results without cuts on the lepton system; in light blue the full result with the
constraint jM`  MW j < 30 GeV for each ` pair. The blue-violet, red and green histograms are
computed using only the resonant diagrams. The blue-violet curves are obtained without lepton
cuts; the red ones requiring jM` MW j < 30 GeV; the green plots are the result of the OSP without
any restriction on the lepton-neutrino system.
For completeness, in the lower part of gure 11 we show that the distributions from
the full calculation agree very well, for both variables, with those produced by the coherent
sum of OSP projections.
The comparison between the black histogram, the blue-violet and the yellow curves
demonstrates that the resonant and non resonant diagrams interfere strongly and that, in
the absence of cuts on M` , the set of resonant diagrams does not reproduce well the correct
result, the discrepancy increasing with increasing invariant mass or transverse momentum
of the lepton-neutrino pair.
However, as shown by the red histogram, if the mass of the individual ` pair is forced
to be suciently close to the W mass, the set of resonant diagrams describes rather well
the full results, at least on a logarithmic scale.
Nevertheless, if the comparison between the full calculation and the naive approxima-







Region Full Resonant Non-resonant Interference
50 GeV < Me  < 110 GeV,
50 GeV < M+ < 110 GeV
3.97510 5 4.23310 5 2.67010 6 -5.24410 6
50 GeV < Me  < 110 GeV,
M+ > 110 GeV
1.05010 6 1.57410 4 1.55410 4 -3.11810 4
Me  > 110 GeV,
50 GeV < M+ < 110 GeV
1.06510 6 1.58710 4 1.58410 4 -3.16110 4
Me  > 110 GeV,
M+ > 110 GeV
3.75110 8 1.69310 4 1.69310 4 -3.38610 4
Table 2. Cross-sections (pb) in dierent Me  ; M+ regions, for Mww > 1400 GeV.
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Figure 12. Invariant mass distribution of the e e pair for MWW > 1400 GeV in the SM results.
No cuts on leptons.
In gure 12 we show the distribution of the invariant mass of the Me  pair for
MWW > 1400 GeV. No additional cut is imposed on any lepton. The region close to
MW is highlighted in the insert. The color code is as in gure 11: the black curve refers
to the full result; the blue-violet histogram is computed using only the resonant diagrams;
the yellow curve is obtained from the non resonant set of diagrams. The gray curve shows
the interference contribution, with opposite sign with respect to its actual value, and refers
to the dierence between the full result and the sum of the resonant and non resonant one.
Two features leap to the eye: the large interference between the resonant and non
resonant diagrams, even in the vicinity of the MW peak and the enhancement at large
invariant masses which, while about two orders of magnitude smaller than the peak, extends
over a very large region.
Additional information is provided in table 2 which shows the total cross section in
dierent zones in the Me  , M+ plane, separating the region close to the mass of the W
from the large mass one.
Table 2 shows a discrepancy of about 5% between the full result and the doubly






shell. This shows, as anticipated, that, in this regime, restricting the mass of both pairs to
within 30 GeV from the W mass is not enough to reproduce the full results using only the
resonant contribution.
Furthermore, for both the resonant diagrams and the non resonant ones, the cross
section in the regions in which one of the pairs is in the vicinity of the W peak while the
other is outside this region and in the region in which both pairs are o shell are large,
about four times larger than the full cross section when both lepton-neutrino pairs are
nearly on shell. However, in each of these three regions, the contribution of the resonant
diagrams and the contribution from non resonant ones cancel each other to better than
1 percent when only one of the pairs has a mass close to MW , and to about 2 per mill
when both are o shell, leading to the expected physical distribution dominated by the
Breit-Wigner peak.
The enhancement at large invariant masses in the Me  distribution in gure 12 can
be qualitatively understood as follows. Let's consider the subset of the doubly resonant
diagrams in which vector bosons scatter among themselves as in gure 1a. These are in
one to one correspondence with the set of diagrams which describe the scattering among
on shell vector bosons. Furthermore let's keep xed the initial and nal quark momenta,
so that the space-like invariant mass of each of the two virtual W 's entering the scattering
and the total mass of the two bosons which decay to the nal state leptons are also xed.
In the scattering between longitudinally polarized vector bosons, the leading term of
each diagram without Higgs exchange grows as s2. The sum of all these diagrams however
grows only like s, because the sum of the leading terms turns out to be proportional to
s+ t+ u, which corresponds to the sum of the masses squared of the bosons partecipating
in the scattering, decreasing by one unit the degree of divergence.
The dominant behaviour for the corresponding diagrams with o shell vector bosons
can be extracted substituting






in each propagator, that is, taking into account the contribution with all intermediate
vector bosons longitudinally polarized.
At high energy, "0 (k) = k
=M+O(1). When the polarization vectors act on the exter-
nal fermion lines, the term proportional to the momentum gives zero and no enhancement
is produced. The remaing part of each diagram in the set under consideration, has the
same analytic expression of the corresponding on shell diagram, with the dierence that
the boson momenta are not on their mass shell.
The sum of the leading contributions again reduces to s + t + u, but in this case
the external \masses" do not coincide with their on shell values, and can become large
when the time-like vector bosons are highly o shell, compensating the eect of the large
denominators in the vector propagators. Eventually this enhancement will be cut o by
phase space constraints for very large values of Me  .
As a further proof that all issues related to anomalous behaviours at high energy are
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Figure 13. Transverse momentum distribution of longitudinally polarized W  for
MWW > 1000 GeV. The full result is shown in black; the OSP one, in green. The red points
are obtained neglecting non resonant diagrams and requiring jM`   MW j < 30 GeV. The red
and green results have been obtained with a xed polarization for the negatively charged W . The
black points have been computed from a generation of the full process, extracting the longitudinal
fraction f0 in each transverse momentum bin through a Legendre expansion, cf. section 2.
the transverse momentum distribution of the longitudinally polarized W  for events with
MWW > 1000 GeV. The full result is shown in black; the OSP one, in green. The red points
are obtained neglecting non resonant diagrams and requiring jM`  MW j < 30 GeV. In
all cases the W+ is unpolarized and no cut on the leptonic variables is applied. While
the OSP prediction agrees with the full result over the whole range, the curve obtained
requiring jM`  MW j < 30 GeV overshoots the true result by a large factor for transverse
momenta above 300 GeV, conrming that this naive approximation cannot be relied on in
the high energy regime.
A.2 Vector boson widths in the OSP method
We now move to the second example, namely computing the OSP amplitudes in the CMSc
scheme, instead of setting the weak bosons widths to zero and using real couplings. Typi-
cally, for an amplitude without internal vector bosons which can go on mass shell, the dif-
ference between the CMSc and setting all widths to zero is small, of order O( =M) = O().
However, when the energy of the vector bosons grows large, these dierences can become
signicant, because any deviation from a fully gauge invariant treatment of the boson
widths spoils the cancellation of terms which are proportional to the energy.
In order to examine quantitatively the relevance of these gauge violating eects in VBS,
we study the single process uu! uu e  e +, for large invariant masses of the four lepton
system, MWW > 1000 GeV, large transverse momentum of the e
  e pair, pW
 
t > 800 GeV.
The mass of each pair is required to be very close to the W mass, jM`v  MW j < 0:2 GeV.
No further cut on the charged leptons are applied.
A full calculation in the Complex Mass Scheme gives a cross section of 0:641(3)  10 8
pb, which we regard as the true result. We then recompute the cross section restricting the






in section 3, employing two dierent prescriptions for masses and couplings. Using complex
masses and couplings, as in the CMSc, yields 0:754(2)  10 8 pb, which is not compatible
with the correct value. However, when all masses and couplings are taken to be real, as
advocated in section 3, the result is 0:650(2) 10 8 pb, in excellent agreement with the cross
section obtained from the full calculation. This proves again, in our opinion, that failing to
maintain gauge invariance could indeed lead to signicantly awed results. Obviously, it
does not prove that any gauge invariant calculation would reproduce the correct answer. In
particular, the correctness and usefulness of the projection procedure needs to be veried
in each case.
Gauge eects are particularly strong for longitudinally polarized vector bosons. There-
fore, we have also computed the on shell projected cross sections for a longitudinally polar-
ized W : using complex masses and couplings we obtain 1:282(5)  10 9 pb, while, taking
them to be real gives 0:202(1)  10 9 pb, which dier by a factor of about six. Notice that
the dierence between these two cross sections is equal, within errors, to the dierence
between the corresponding unpolarized results, suggesting that the discrepancy between
the results for longitudinally polarized W  accounts for the totality of the dierence in the
unpolarized case.
Since no cuts on the charged lepton is imposed, the cross section for a longitudinally
polarized W boson can also be extracted from the full distribution, projecting on Legendre
polynomials. This yields 0:211(5)  10 9 pb, conrming the OSP result with all internal
widths set to zero.
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